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ABSTRACT: We consider the equilibrium properties of chains tethered by one end to a curved, impenetrable
interface, using a self-consistent-field model. The segment density profiles, layer thickness, and distribution
of chain ends are numerically calculated. The interface curvature at which chain properties significantly
deviate from the planar limit is, as anticipated, of the same order of magnitude as the chain dimensions. The
chain dimensions follow scaling power laws only in the limit of high interface curvature or chain molecular
weight. An exclusion zone in the distribution of chain ends appears near the interface, the size of which
depends linearly on layer thickness. The ratio of exclusion zone height to brush thickness does not decrease
smoothly with interface curvature but obtains maximum values at finite interface radii. The corrections to
the value of the ratio of exclusion zone height to brush thickness, in the limit of infinite molecular weight,
scale reasonably well with an anticipated molecular weight power law of -1/5.

Introduction

The study of chains tethered to one end to a curved
interface under good solvent conditions influences such
diverse systems as chains grafted on small colloidal
particles, the corona of polymer micelles, or the arms of
star and comb polymers. The properties of end-con-
strained polymer chains strongly differ, at high tether
densities, from those of free chains. Tethering forces the
chains to deform from the free-chain, random-walk
isotropic configuration, causing them to stretch in the
direction perpendicular to the interface, thus forming a
brushlike structure.!?

Accounting for interface curvature effects is crucial in
the discussion of brushes on highly curved interfaces. This
is due to the fact that the volume accessible to the chains
increases as a function of the distance from the tether site.
Local stretching therefore diminishes with the distance
from the surface, so that the chains are globally less
stretched than similar structures on planar interfaces.
Several approaches have been used to model these systems,
including molecular dynamics simulations (MD)34 and
self-consistent-field (SCF)® and scaling theories.®’

Scaling models make use of simple free energy balance
arguments while accounting for correlations in the chain
configurations. All chain ends are assumed to be at the
same height above the interface (see Figure 1). The en-
tropic tendency of the chains to adopt a contracted,
random-walk configuration is balanced with the solvent-
monomer interactions, which favor a swollen configura-
tion. The original scaling model developed by Alexander?®
and de Gennes® for chains on planar interfaces has been
later extended to curved interfaces through simple geo-
metrical considerations.®” The segment density profile
decreases with the radius as

o(r) ~ ¥} (R/r)2P13 (1)

where ¢ is the segment density distribution, ¢ is the
dimensionless surface density, and R is the interface radius
of curvature. D is related to the dimensionality of
curvature in the geometry under consideration and is equal
to 0 in planar geometry, 1 for cylinders, and 2 for spheres.
The average brush height (L) can be calculated from the
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Figure 1. Chains tethered on a curved interface of radius R. r
denotes the radial distance and d the height from the interface.
L is the brush thickness.

segment density profile and is approximately given by

{L) _ aNSf(3+D)al,r‘(3+D)(R/a)D,-’(3+D] 2

The scaling predictions have been examined, and to some
extent confirmed, by molecular dynamics simulations of
star polymers? and of chains grafted on a cylindrical
interface* under good solvent conditions. Chain dimen-
sions were found to be in good agreement with the
predictions of eq 2. The segment density profile, in both
geometries, showed a peak near the interface (or star core)
followed by a region of power law decay as a function of
the radius. In the case of star polymers, a slope of 1.25,
approaching the scaling prediction (eq 1) of ¢ ~ r4/3, was
observed. However, for chains on cylindrical interfaces,
the density profile decreased with the square root of the
radius and not as the expected -%/; power law.”

Scaling models impose strong restrictions on the chain
conformations, namely, that all chain ends are located at
the same height and fluctuations in chain extension are
ignored. Therefore, they cannot provide insights into the
internal structure of the polymer layer. Relaxation ofthese
constraints leads to the self-consistent-field theory, where
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neither the segment density profile nor the distribution
of chain ends is predetermined. The chain configurations
are obtained by solving a diffusion-type equation subject
to a pressure potential,!” which in turn depends on the
chain configurations. The pressure potential defines the
work required to stretch the chains in order to accom-
modate a test segment at a given height. It was first noted
by Semenov!! that the dominant configuration of a strongly
stretched chain, as is the case in a densely grafted brush,
isreminescent of the trajectory of a classical particle. This
analogy enabled Milner et al.l2 to obtain an analytical
solution for chains tethered on a planar interface. The
authors assumed that the chain ends could be located at
any height throughout the brush, since chains with free
ends near the surface reduce their stretching energy but
have increased segment-segment repulsion, and vice versa
for chains with free ends far from the interface. The
segment density profile and pressure potential fied were
found to be parabolic, of the form A-Bz2, where z is the
height from the interface.

In an extension of this approach, Ball et al.? considered
the equilibrium properties of chains tethered to convex
interfaces. It was shown that, as the curvature increases,
a zone from which chain ends are excluded should appear
next tothe interface. The chain ends are in effect expelled
from the vicinity of the interface by the sharp segment
density gradient. The case of brushes grafted on cylin-
drical interfaces in the melt state, where no solvent
penetrates into the brush, was solved analytically. Unlike
the case of a swollen brush, where the segment density is
proportional to the potential field profile, the melt brush
segment density is uniform. The potential field acting on
the chains, though, is not. Unlike the parabolic profile of
the planar brush, the pressure profile was found to be
concave up throughout the layer, in the limit of high
interface curvature. The height of the exclusion zone, in
that limit, approached the value of (2/7)(L), decreasing
smoothly with interface curvature. Althoughtheequations
describing spherical interfaces and brushes in a good
solvent were not solved, the authors estimated that a
significant exclusion zone would exist under those con-
ditions as well.

This analysis® applies to chains in the limit of high mo-
lecular weight and low surface density. It should be noted
that MD simulations of chains grafted on cylindrical
interfaces under good solvent conditions did not show a
chain end exclusion zone near the interface for finite
interface radii. A narrow exclusion zone appeared only in
a limit case of densely grafted chains on a line (R/a ~0).
The authors4 attributed this exclusion zone to simple steric
packing constraints, since the high grafting density
prevented penetration of the free end of the chains to the
region near the interface.

In this paper, we apply the Dolan-Edwards!® SCF
equation to systems of chains in a good solvent, densely
tethered to curved interfaces, both spherical and cylin-
drical. We investigate the equilibrium properties of these
systems at various interface curvatures, chain molecular
weights, and grafting densities. Our aim is to determine
whether scaling model predictions for the segment density
and layer thickness apply, and what is the characteristic
curvature where brush properties start to deviate from
those of the planar brush. We also investigate under what
conditions the Ball et al.5 analytical solution holds,
especially regarding the conditions leading to the appear-
ance of a chain end exclusion zone. The self-consistent-
field model allows us to investigate high molecular-weight,
high surface density systems which cannot be obtained by
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MD simulations due to computing time limitations. This
enables us to approach the high molecular weight limit
more closely and investigate asymptotic analytical model
predictions more extensively than by simulations. The
presence and properties of an exclusion zone in the chain
end distribution are significant, since they can be ma-
nipulated to localize the chain ends at the outer perimeter
of the brush, thereby enabling tailoring of the segment
distribution near the brush surface.

The Self-Consistent-Field Model

The configurations of a polymer segment in a system
with excluded-volume interactions are a function of the
position of all other segments in the system. In SCF
models, this effect is incorporated not by excluding
segments from occupied positions but through a potential
field creaeted by the configurations of all other segments.
The potential field, in turn, is a function of the segment
distribution, hence, the self-consistency. Chain statistics
can therefore be described as those of a random walk under
an average potential field. In dilute and semidilute
systems, the potential is reasonably taken to be propor-
tional to the local segment density (¢).1°

We consider monodisperse polymer chains with N
segments of a length each, tethered at a density of /a2
chains per unit area to an interface. The distribution
function Q(r,r’;n) denotes the statistical weight of a sub-
chain starting at a spatial position r’ and ending at a
position r in n steps, without crossing a confining surface.
The distribution function satisfies the partial differential
equation

2
‘;% = %VzQ - vH(OQ(r,¥';n) ®)
where v is the excluded-volume parameter. The initial
conditionis given by Q(r,r’;0) = 6(r-r’), and the boundary
condition on the confining surface is @(r,x’;n) = 0.

At relatively high surface density, @ can be assumed to
vary as a function of the direction perpendicular to the
interface only. Therefore, in spherical and cylindrical
geometries, Q depends on the segment number n and the
radiusr. ¢ istakentobe the average local segment density.

The average local segment density can be calculated by
summing the probability of configurations passing through
a spatial point:

J;Ndnf;dV’ Q(R,r;n) Q@r,r';N-n)

[-Q®iN) dV’

dV’isr?drinspherical coordinates and Lr dr in cylindrical
ones, where L is the cylinder length. ¢ is a normalization
factor and can be calculated using the stipulation that the
total number of segments in the system is equal to the
sum of all segments in the segment density distribution.

Solving the partial differential equation (eq 3) under
the constraint of eq 4 for the average local density produces
the self-consistent profile. We use a numerical procedure
similar to that of Dolan and Edwards,'® where space is
discretized into steps of length a, the segment size. The
volume element dV is, therefore, equal to the volume of
a radial shell of thickness a. An initial guess is taken for
the distribution function, or, in our case, the ideal random-
walk distribution function. Using this function, the local
segment density is calculated and inserted into the partial
differential equation, leading to calculation of a new
distribution function. Iterations were stopped when the
relative difference between new and previous iteration

o(r) =y @
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segment distributions was less than 10-8. In all calcula-
tions, the excluded-volume parameter v is set to unity,
stipulating a good solvent environment.

Once the distribution function and the local segment
density are obtained, system properties can be evaluated.
The brush thickness is usually calculated from the second
moment of the segment density distribution:

foavir ) /2
e -R (5&)
Joaviee)

However, when the radius of the interface increases, dV’
and 7 become increasingly large numbers. Integration
then magnifies small round-off errors in the calculated
profile. Wefind that amore accurate measure of the brush
thickness, especially in the limit of low interface curvatures,
is obtained by averaging the height d (=r - R):

frav d?se) 12

[ faver)

We therefore use this height average to define the brush
thickness. All length scales in the system are given in
units of a, the segment size.

The normalized distribution of chain ends can be
calculated from the probability distribution. It is pro-
portional to the probability that a chain starting at R, the
interface, will reach a position r in N steps:

dV QR,mN)
f ~dV' QR.N)

(L) =

(L) (5b)

€r) = (6

Results

In order to enable comparison with scaling models®?
and SCF analytical solutions,?!2 which apply to stretched
chains, we limit our calculations to comparatively dense,
high molecular weight systems. In the test case chosen of
N = 100 and ¢ = 0.1, tethered on surfaces of radius R =
10, the brush thickness, (L), is calculated from eq 5b to
be 21.1 for cylindrical and 18.3 for spherical interfaces.
The average thickness of an isolated (¢ ~ 0) tethered
chain of this length is 10.8. Therefore, in both geometries
the stretching ratio is approximately 2 and will increase
with either N or surface density. In comparison, an
identical layer on a planar interface (Lo) has a layer
thickness of 24.4.

The effect of interface curvature on the segment density
distribution, for chains of N = 100, is shown in Figure 2.
The distribution of chains tethered on the low-curvature
interfaces (R = 100) approaches the parabolic limit of the
planar interface.121319 The segment density distribution,
which is proportional to the potential, resembles in the
limit of high interface curvature the pressure profile of
brushes in the melt.5 Note that the case of R = 1 in Figure
2a is that of a star polymer,i4 whereas the profile of R =
1 in Figure 2b represents that of the arms of a polymac-
romonomer with a locally straight backbone.!’® The
segment density profiles as a function of N and ¢ are shown
inFigure 3, for chains tethered on spherical and cylindrical
interfaces of radius 10. The segment density distribution
shows a peak near the interface, the position of which is
insensitive to either chain molecular weight or surface
density. Peak height is independent of chain molecular
weight, as in the case of chains tethered on planar
interfaces.!31? Figure 4 shows that the segment density
profiles scale in both geometries with ¢2/2 and are
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Figure 2. Segment density distribution for N =100 and ¢ =0.1
chains tethered on curved interfaces: (a) Spherical geometry.
(b) Cylindrical geometry. (¢) R/a =100, (+) R/a = 10, (®) R/a
=1.

insensitive to chain molecular weight in the power law
region, as predicted by scaling models in eq 1. The falloff
of segment density with radius for chains tethered on
spherical interfaces seems to be approaching, from below,
the scaling prediction of an r4/3 power law in the interior
of the brush. This is in agreement with the observation
of a 1.25 power law in MD simulations* of dense stars. In
the case of cylindrical interfaces, the power law exponent
has an approximate value of —1/; and not the expected —-2/5
ofeq 1. Asimilar value was found for the power law decay
region in the MD simulations?® of chains tethered on a line
(R=1).

The brush thickness as a function of chain molecular
weight clearly reaches the asymptotic limit predicted by
eq 2 at high interface curvature and chain molecular weight,
asseeninFigure5. Thisisanother example!2of the ability
of scaling models to predict global brush features well,
even when inaccurately describing the segment density
profile. As interface curvature decreases, the layer thick-
ness increases toward the planar brush (Lg) ~ N9, In
order to determine the characteristic interface radius at
which brush structure starts to deviate from the planar
limit, we examine the dependence of brush thickness on
theinterfaceradius. Figure 6 showssignificant deviations
from the planar interface layer thickness, (L), developing
at values of R/Losmaller than 10. The characteristic ratio
where deviations start to appear is insensitive to variations
in surface density or chain molecular weight and seems to
be independent of interface geometry. This result is
somewhat surprising since chains on a cylindrical interface
are more stretched than their spherically tethered coun-
terparts and should therefore be closer in structure to the
planar brush.

The distribution of the chain ends as a function of the
interface radius is shown in Figure 7. In the case of dense
stars, the distribution of the chain ends has been shown
to approach a Gaussian shape.’® In comparison, in the
planar brush!1? ¢(d) ~ (d/(L)){1 - (d/(L))%/2, From a
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Figure 3. Effect of molecular weight and surface density on
segment density distribution. R = 10. (a) Spherical interface,
c=0.1. (o) N =100, (@) N = 150, (®) N = 200. (b) Cylindrical
interface, ¢ = 0.1. (A) N = 100, () N = 150, (®) N = 200. (¢)
Cylindrical interface, N = 100. (A) ¢ = 0.1, (X) ¢ = 0.2, (8) ¢
=0.3.

least-squares fit we find that the distribution of chain ends
in the spherical interface case approaches the Gaussian
form as the interface radius decreases (x? values of the
best parametric fits were 4.5 X 1074, 2.7 X 1074, and 3.9 X
10-5for R = 100, 30, and 10, respectively). However, even
in the low-curvature brush (R = 100) the end distribution
is closer to the Gaussian than to the planar brush form.

As the interface curvature increases, a zone from which
chain ends are excluded develops near the interface. The
exclusion zone is not immediately apparent in the nor-
malized chain end distributions, except in the high mo-
lecular weight, high curvature limit (Figure 7¢). The
distribution of the chain ends becomes broader and shifts
away from the interface with decreasing curvature. In
the cylindrical interface case, for example, the variance in
the end segment distribution increases from 11 to 16 as
the interface radius increases from 10 to 100. It should
be noted that, in all cases examined, a large fraction of the
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chain ends is located beyond the average brush thickness
at d/(L) larger than 1. We define the thickness of the
exclusion zone (xq) as the distance from the interface at
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Figure 7. Distribution of the chain ends as a function of d/(L).
(a) Sphere, N = 150, ¢ = 0.1. (O) R/a = 100, (®) R/a = 30, (4)
R/a = 10. (b) Cylinder, N = 150, ¢ = 0.1. (O) R/a = 100, (#)
R/a = 80, (A) R/a = 10. (c) Cylindrical geometry, N = 300, R
=5, ¢ = 0.3, The definition of the exclusion zone thickness, xgq,
is given in the text.

which the density of the chain ends reaches 5% of its
value at the peak. For large interface radii (R > (L)) we
find, using this definition, that there is no exclusion zone
(xq = 0), consistent with the planar brush analysis.!?
Alternatives to this arbitrary definition of the chain end
exclusion zone give similar values of xq.
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Figure 9. Normalized chain end exclusion zone as a function
of the interface radius for chains on cylindrical interfaces. Ly is
the planar brush thickness. o =0.1. (&) N =100, (a) N = 150,
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For highly curved interfaces, the exclusion zone thick-
ness is found to vary linearly with the brush thickness, as
shown in Figure 8 for both geometries. This linearity is
ingood agreement with analytical SCF model predictions.5
However, the ratio of the cylindrical brush exclusion zone
height to brush thickness xq/ (L) (Figure 9) as a function
of interface radius does not decrease smoothly from a
maximum at R ~ 0 as predicted® but obtains a maximal
value at a finite interface radius. Thedistribution narrows
with increased molecular weight or surface densit, and
the value of the maximal ratio increases. The peak position
seems to be fairly insensitive to variations in system
parameters.

In order to evaluate the effect of finite chain molecular
weight on the exclusion zone thickness, we plot xg/(L) as
a function of 1/N in Figure 10. The fluctuations in the
size of the exclusion zone, relative to the brush thickness
(Axg/ (L)), have been shown?® to scale as (Ry/(L))¥3. In
our model, the radius of gyration, R,, is proportional to
aN'/2, and the cylindrical brush thickness, in the limit of
high curvature and molecular weight, scales as aN3/4 (see
Figure 5b). The fluctuations in exclusion zone thickness
should, therefore, decay as N-1/3, We see from Figure 10
that, for the three radii examined, the extent of the
exclusion zone can be fit quite well with a function of the
form A~ BN-". Athree-parameter, least-squares fit yields
n values between 0.2 and 0.5. A is the fraction of the
brush from which chain ends are excluded, in the infinite
N limit. Using a power law fit of n = /5, the value of A
is largest for R = 5. This is consistent with the results
shown in Figure 9; R = 1 approximately corresponds to
the origin, while R = 5 is somewhat closer to the peak
position.
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Figure 10. Normalized chain end exclusion zone as a function
of the inverse molecular weight, for chains on cylindrical
interfaces. ¢ = 0.3. A three-parameter, least-squares fit to the
equation xg/(L) = A-B(1/N)"givesn =021 forR=1,n=0.39
for R = 3, and n = 0.5 for R = 5. The curve fits shown have the
form of A - B(1/N)!/3, A(R=5) = 0.92, A(R=3) = 0.87, A(R=1)
=0.70. @)R=1,(0)R=3,(®)R =5.

Conclusions

We have examined the properties of finite chains
tethered on curved interfaces using the Dolan-Edwards
SCFmethod. Weestablish that significant deviations from
the planar brush are seen when the interface radius is
about an order of magnitude larger than the brush
thickness, for both spherical and cylindrical interfaces.
Therefore, as expected, accounting for interface curvature
is important when the chain dimensions and the interface
radius are comparable. A transition from parabolic-like
profiles for low-curvature interfaces to a concave profile
in the high-curvature limit is observed, as predicted by
the analytical solutions of the SCF models.5!2 In all cases
the segment density profiles from SCF were in good
agreement with results of MD simulation.3#* The density
profile of chains tethered on spherical interfaces generally
follows scaling model predictions in the limit of small
interface radii and high chain molecular weight. However,
in the case of cylindrical interfaces we do not observe the
expected scaling power law of —%/3 for the falloff of segment
density with distance. Brush thickness increased, in the
limit of high curvature, as N3/@+D) in both geometries.

As the interface curvature increases, a zone from which
chain ends are excluded develops near the interface, and
the distribution of chain end position becomes narrower.
The exclusion zone height increases linearly with brush
thickness in layers where the brush thickness was much
larger than interface radius in both geometries. Although
our calculations apply to systems of chains in a good
solvent, these results are in good agreement with the
predictions of Ball et al.® for chains in the melt on
cylindrical interfaces. However, we do not find that, in
the cylindrical brush, the ratio of exclusion zone height to
layer thickness obtains a maximum value at infinite
interface curvature (R ~ 0). Rather, the maximum ratio
occurs at a finite interface radius of approximately 0.35-
{Lo) and seems to be invariant to either chain molecular
weight or surface density. It is curious to note that the
peak position is fairly constant, but the fraction of the
brush from which chain ends are excluded increases with
molecular weight. The corrections to the infinite molec-
ular weight limit, for the fraction of the brush from which
chain ends are excluded, can be fit reasonably well by the
predicted!® scaling form of N-1/3,

We can conclude that interface curvature is important
in determining tethered chain behavior when the interface
radius is within an order of magnitude of the chain
dimensions. In such cases, we confirm here that scaling
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models provide a fairly good estimate of the brush
thickness. However, scaling models do not probe the
internal brush structure, which is important in determining
the distribution of chain ends and in evaluating the
interactions between layers. The presence of an exclusion
zone in the chain end distribution is significant since it
can be manipulated to exclude chain ends from the region
near the interface, thereby localizing the ends at the outer
edge of the layer and modifying the layer surface. The
interaction range of a finite molecular weight brush is far
larger than the average brush thickness. Chain ends
extending beyond the average brush height pay a com-
paratively low energetic penalty, so that a “tail” is formed
in the segment density distribution.!61® The tail region
is not accounted for in analytical SCF models®12 because,
for an infinite chain, the energy cost for chain ends
extending beyond the average brush height is prohibitive.
The size of the segment density tail, which is also observed
in the planar brush,!319 i especially significant in highly
curved interfaces where the density profile decays more
rapidly. Tails can be expected to play an important role
in the rheology of systems of polymer brushes grafted to
small particles, since tails largely determined the hydro-
dynamic layer thickness for layers immersed in solvent!?
and are the potential participants in interlayer entangle-
ments in dense suspensions.l®
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